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DESINGULARIZING POSITIVE SCALAR CURVATURE
4-MANIFOLDS
DEMETRE KAZARAS
Abstract. We show that the bordism group of closed 3-manifolds with positive
scalar curvature (psc) metrics is trivial by explicit methods. Our constructions
are derived from scalar-flat Ka¨hler ALE surfaces discovered by Lock-Viaclovsky.
Next, we study psc 4-manifolds with metric singularities along points and em-
bedded circles. Our psc null-bordisms are essential tools in a desingularization
process developed by Li-Mantoulidis. This allows us to prove a non-existence re-
sult for singular psc metrics on enlargeable 4-manifolds with uniformly Euclidean
geometry. As a consequence, we obtain a positive mass theorem for asymptoti-
cally flat 4-manifolds with non-negative scalar curvature and low regularity.
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2 DEMETRE KAZARAS
1. Introduction and Main Results
It is a fundamental fact in differential geometry that the n-dimensional torus Tn
cannot support a smooth Riemannian metric with positive scalar curvature (psc).
In dimension 2 this result is a simple consequence of the Gauss-Bonnet formula
and in higher dimensions it is known as the Gerosh Conjecture. For 3 ≤ n ≤ 7 this
was first proven by Schoen-Yau using a minimal hypersurface technique [SY79a] and
Gromov-Lawson later ruled out psc tori in all dimensions using index theory methods
[GL80b]. It is natural to wonder: does the non-existence of psc metrics on Tn still
hold when one relaxes the smoothness assumption and allow for metric singularities?
Without restricting one’s attention to a special class of singularities, the answer is
of course “no” in general. Inspired by constructions arising in Gromov’s polyhedral
comparison theory for psc metrics [Gro14], Li-Mantoulidis introduced a class of
singular metrics well-suited for this non-existence question in [LM17], presented a
general conjecture, and gave a complete answer in dimension 3. In the present
paper, we consider the situation in dimension 4 where one encounters many new
challenges.
Following [LM17], a metric g on a smooth manifold M is said to be uniformly
Euclidean, denoted by g ∈ L∞E (M), if it may be pointwise bounded above and
below by some smooth metric. In order to state the relevant conjecture in sufficient
generality, recall that the Yamabe invariant of a closed n-manifold M is given by
(1) σ(M) = sup
C
inf
g˜∈C
∫
M Rg˜dvolg˜
Volg˜(M)
n−2
n
where the supremum is taken over all conformal classes C of smooth Riemannian
metrics on M and Rg˜ denotes the scalar curvature of g˜. This diffeomorphism invari-
ant has a long and rich history. Its relevance to our present discussion: σ(M) > 0
if and only if M admits a psc metric. The following conjecture of Schoen originally
appeared in [LM17].
Conjecture 1. [LM17] Let Mn be a closed manifold with σ(M) ≤ 0 and let S ⊂M
be a smooth, closed, embedded submanifold of codimension at least 3. If g is an
L∞E (M) ∩ C∞(M \ S) metric with Rg ≥ 0 on M \ S, then g extends smoothly to a
Ricci-flat metric on M .
Notice that a metric g ∈ L∞E (M) ∩ C∞(M \ S) may have unbounded curvature.
Li-Mantoulidis have confirmed Conjecture 1 in dimension 3 [LM17, Theorem 1.4].
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In Corollary A, we make additional progress on Conjecture 1 by applying our
main desingularization result, described in Theorem A. For a manifold M , we call
a subset S ⊂ M a smoothly embedded finite 1-complex if it is the image of a finite
collection of smooth embeddings of points, circles, and line segments. We emphasize
that our interest is in metric singularities and all manifolds we consider are assumed
to be smooth.
Theorem A. Let M4 be a closed oriented 4-manifold and let S ⊂M be a smoothly
embedded finite 1-complex. Suppose g is an L∞E (M)∩C∞(M \S) metric with Rg > 0
on M \ S. Then there exists a smooth closed oriented psc manifold (M, g) with a
degree-1 map F : M → M . Moreover, there is a neighborhood U ⊂ M , containing
and retracting onto S, so that F |M\F−1(U) is a conformal diffeomorphism.
(M, g)
(M, g)
?
F
S
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
+
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Figure 1. The desingularization F : M →M in Theorem A.
In Theorem A, we regard (M, g) as a desingularization of (M, g), pictured in
Figure 1. In general, M is diffeomorphic to M , possibly having much larger second
Betti number. This is in contrast to [LM17], where Li-Mantoulidis show that point
singularities in 3-manifolds may be desingularized without changing the underlying
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manifold’s topology. While we cannot show that this change in topology is necessary,
one can regard this feature of our construction as a reflection of the added topological
complexities one encounters in dimension 4.
We use Theorem A to establish a non-existence result for singular psc metrics
of on a class of 4-manifolds with non-positive σ-invariant called enlargeable mani-
folds. Recall that a closed oriented n-manifold Mn is said to be enlargeable if, for
every Riemannian metric on M and ε > 0, there is a cover of M which admits
an ε-contracting map of non-zero degree to the unit sphere. The prototypical ex-
ample is the torus where one may consider sufficiently large coverings and produce
highly compressive maps to the sphere. This notion was originally introduced by
Gromov-Lawson in [GL80b] in order to relate the fundamental group to Dirac op-
erator methods for spin manifolds, showing that enlargeable spin manifolds do not
admit psc metrics. Recently, Cecchini-Schick have extended this result to non-spin
manifolds in [CT18]. We review the relevant definitions and facts of enlargeable
manifolds in Section 2.1.
Corollary A. Let M4 be a closed oriented enlargeable 4-manifold and let S ⊂ M
be a smoothly embedded finite 1-complex. Then M cannot admit a metric g in
L∞E (M)∩C∞(M \S) with Rg > 0 on M \S. Moreover, if g in L∞E (M)∩C∞(M \S)
satisfies Rg ≥ 0 on M \ S, then g is Ricci-flat on M \ S.
For context, we remark that while the class of enlargeable 4-manifolds is large,
there is a comparable number of non-enlargeable 4-manifolds which do not admit
psc metrics, due to the non-triviality of their Seiberg-Witten invariant. In Section
1.1 we discuss this and the status of Conjecture 1 in dimension 4. We expect that
Ricci-flat metrics g on M \ S smoothly extend over the singular set. This is the
subject of current consideration.
As an application of Corollary A, we obtain a Riemannian positive mass the-
orem for singular metrics of non-negative scalar curvature on asymptotically flat
4-manifolds. See Section 2.4 for the relevant definitions.
Corollary B. Let (M4, g) be an asymptotically flat 4-manifold with g ∈ L∞(M) ∩
C∞(M \ S) where S is a finite collection of points and embedded disjoint circles. If
Rg ≥ 0, then m(M, g) ≥ 0.
The proof of Corollary B is based on a well-known argument due to Lohkamp [Loh99]
which reduces the Riemannian positive mass theorem to the non-existence of psc
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metrics on manifolds of the form Tn#N where N is some closed oriented manifold.
We adapt this argument to our lower regularity setting. For other positive mass
theorems in low-regularity settings, see the results of Lee-LeFloch [LL15].
Let us describe our second main result, Theorem B. When adapting the Li-
Mantoulidis methods to the 4-dimensional setting, one is faced with the oriented
bordism group of psc 3-manifolds. A pair of closed oriented psc n-manifolds (M0, g0),
(M1, g1) are said to be psc-bordant if there is a compact oriented (n + 1)-manifold
W equipped with a psc metric g¯ such that
(1) W is an oriented cobordism from M0 to M1, i.e. ∂W = M0 unionsq −M1;
(2) The metric g¯ takes the product form gi + dt
2 on a neighborhood of Mi for
i = 0, 1.
Considering the class of all closed oriented psc n-manifolds modulo psc-bordism with
the operation of disjoint union, one obtains an abelian group ΩSO,+n for n ≥ 2. One
can also consider psc manifolds equipped with the extra data of a map to a fixed
space X and additionally require that cobordisms (W, g¯) admit extensions of this
map. This yields an abelian group ΩSO,+n (X).
Very little is known about the groups ΩSO,+n . In fact, the only previously com-
puted psc-bordism group is ΩSO,+2 , which is trivial. One could argue that, though
these groups were not defined at the time, the triviality of ΩSO,+2 dates back to Weyl
in 1916 where he showed the path-connectedness of the space of psc metrics on S2.
We mention a related result: in [MS15], Mantoulidis-Schoen show the connectedness
of the space of metrics on S2 which are conformally psc.
Theorem B, which may be of independent interest, is a calculation of the groups
ΩSO,+3 (S) for any 1-dimensional complex S. It is an essential tool in our proof of
Theorem A.
Theorem B. Let S be a finite 1-complex. Then the 3-dimensional oriented psc-
bordism group ΩSO,+3 (S) is trivial.
Let us provide this result with some context. It has been known since the 1950’s,
see Rohlin [Roh51] and Thom [Tho54], that every oriented 3-manifold is the bound-
ary of some compact oriented 4-manifold, which we refer to as a null-cobordism.
There are many proofs of this fact, both constructive and abstract, but it is far from
clear whether or not null-cobordisms of psc 3-manifolds may themselves be equipped
with psc metrics. However, for spherical space forms S3/Γ where Γ ⊂ SO(4) acts
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freely on S3, algebraic geometry provides promising null-cobordisms for our pur-
poses. Indeed, if Γ ⊂ U(2), the minimal resolution of the flat cone C2/Γ,
(2) X → C2/Γ
often admits special geometries and large compact sets in X are null-cobordisms of
S3/Γ. We adopt this strategy and rely on the remarkable constructions of Lock-
Viaclovsky [LV19]. Another ingredient is the connectedness of the moduli space of
psc metrics on 3-manifolds due to Marques [Mar12]. We remark that a generalization
of this connectedness result has recently been obtained by Carlotto-Li [CL19].
1.1. Structure of the paper and further discussion. We begin in Section 2
by recalling the notions and tools we will require throughout the paper. These in-
clude conformal geometry on manifolds with boundary, the structure of 3-manifolds
admitting psc metrics, and the asymptotically locally Euclidean (ALE) metrics we
use. The scalar-flat Ka¨hler ALE metrics constructed by Lock-Viaclovky [LV19] are
of fundamental importance to our work – large regions in these manifolds are the
building blocks for the psc null-cobordisms we build to prove Theorem B in Section
3. Theorem A is proven in Section 4, though we relegate a technical discussion to
the Appendix. We conclude by establishing Corollaries A and B in Section 5.
Now let us outline the proof of Theorem A and discuss the status of Conjecture 1
in dimension 4. In Section 4, we prove Theorem A by following a strategy developed
in [LM17] and draw heavily from the analytical results there. Given a singular psc
4-manifold (M, g), we geometrically “blow-up” the singular set S in such a way
that a neck appears near each component of S. In these necks, one finds minimal
hypersurfaces. In direct analogue to the horizon of a black hole in General Relativity,
these hypersurfaces act as shields, protecting the regular part of the manifold from
the singular set. Due to a classical argument of Schoen-Yau [SY79a], our shields
admit psc metrics. Next, we excise the singular regions behind the shields and cap-
off the resulting boundary with the null psc-cobordisms we construct in Theorem
B, producing a smooth closed psc manifold (M, g). Due to the nature of our psc
null-cobordisms, M will generally not be diffeomorphic to M , having much larger
second Betti number.
Let us describe this point in more detail. The building-block ALE manifolds
we use have non-trivial second homology. Moreover, by considering the index of
the Dirac operator, any (spin) null psc-cobordism of a non-trivial space form S3/Γ
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must have non-zero signature, see for instance [Dah97]. To consider an example, it is
possible that one of the shielding hypersurfaces is the connected sum of a lens space
with itself – see [Don15] for work on the underlying embeddability question. In our
desingularization procedure, we cap-off this hypersurface by taking the boundary
connected sum of two copies of the null psc-cobordism of the lens space, introducing
much new topology. That being said, we cannot rule out the existence of a more
simple psc cap which would not increase topology. It is possible, therefore, that the
change in topology is merely a defect of our methods.
Nevertheless, our desingularization M will admit a degree-1 map back to M which
collapses the added topology to the singular set. Because some components of S
may represent non-trivial elements of pi1(M), care must be taken to arrange for this
degree-1 map to exist. Indeed, if one is not deliberate, the process of excising and
capping-off the singular set may have the effect of completely killing the fundamental
group, potentially destroying the possibility of such a degree-1 map. It is for this
reason we require the triviality of ΩSO,+3 (S) and not just the smaller group Ω
SO,+
3 .
We conclude this section with some informal remarks on Conjecture 1. In Theo-
rem A we consider the class of enlargeable manifolds because the desingularization
of M always has a degree-1 map back to M and thus does not leave the class of en-
largeable manifolds. However, there are many 4-manifolds which are not enlargeable
yet do not admit psc metrics: certain manifolds with non-trivial Seiberg-Witten in-
variant. Unlike enlargeable manifolds, this class is not closed under non-zero degree
maps and so Theorem A has no immediate consequence for singular psc metrics on
manifolds of this type. For instance, there is a homeomorphism
#3CP 2#20CP 2 → K3#CP 2.
However, the one point blow up of K3 has non-trivial Seiberg-Witten invariant
whereas the Gromov-Lawson construction [GL80b] shows that the connected sum of
CP 2’s admits psc metrics. For this reason, we expect that either a much more refined
version of our technique or entirely new ideas are needed to approach Conjecture 1
for general 4-manifolds.
The situation appears worse in higher dimensions since almost nothing is known
about the groups ΩSO,+n for n ≥ 4. For instance, in our proof of Theorem B, we
make full use of the classification of psc 3-manifolds and the connectedness of the
moduli space of psc metrics on a fixed 3-manifold. Starting in dimension 4, not only
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is there no classification of psc manifolds, but the moduli space of psc metrics is
known to be disconnected in general, see [Rub01] for dimension 4 and [BERW17]
for higher dimensions.
1.2. Acknowledgments. I owe a debt of gratitude to Bradley Burdick for many
enlightening conversations. I would also like to thank Professor Michael Anderson,
Professor Christina Sormani, Professor Marcus Khuri, and Professor Blaine Lawson
for their interest and helpful suggestions. For other helpful conversations, I thank
Chao Li, Christos Mantoulidis, and Michael Albanese.
2. Background
2.1. Enlargeable manifolds. In this subsection, we will recall the enlargeability
condition appearing in Theorem A and its fundamental properties. The notion of
enlargeability was originally introduced by Gromov-Lawson in [GL80b] and sub-
stantially generalized in [GL83], which we refer readers to for a general discussion.
We follow the language of [GL83], but omit technical considerations related to
non-compactness and spin structures since we will not require them. For ε > 0, a
compact Riemannian n-dimensional manifold (M, g) is said to be ε-hyperspherical
if there exists a map f : M → Sn satisfying
(3) ||df(V )||grnd ≤ ε||V ||g
for all non-zero vectors V ∈ TM where grnd denotes the round metric of radius 1.
Definition. A compact manifold M is called enlargeable if for all Riemannian
metrics g and ε > 0, there exists a cover M →M which, equipping M with the lift
of g, is ε-hyperspherical.
The prototypical examples of enlargeable manifolds are compact manifolds ad-
mitting non-positive sectional curvature metrics and compact solvmanifolds such as
the torus Tn. Enlargeability is an invariant of the homotopy-type of the manifold.
Even more, the class of enlargeable manifolds is closed under non-zero degree maps.
Proposition 1. [GL80b] Suppose Mn is a closed enlargeable n-manifold. If Nn is
a closed n-manifold and there exists a map N → M of non-zero degree, then N is
also enlargeable.
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A basic application of Proposition 1: the connected sum Tn#M of a torus with a
closed manifold M is enlargeable by considering the map which collapses M to a
point.
By considering a twisted Dirac operator, Gromov-Lawson made the fundamen-
tal observation that enlargeable spin manifolds cannot admit psc metrics [GL83,
Theorem A]. Recently, Cecchini-Schick have generalized this to the non-spin case.
Theorem 1. [CT18, Theorem A] A closed enlargeable n-dimensional manifold can-
not admit a psc metric.
The proof of Theorem 1 involves a clever construction related to Gromov’s torical
bands [Gro18] and involving the notion of minimal k-slicings introduced by Schoen-
Yau in the preprint [SY17]. We remark that our applications of Theorem 1 are
in dimension 4 and therefore do not require the full regularity theory developed in
[SY17].
2.2. The conformal Laplacian with minimal boundary conditions. In later
sections we will require some basic facts about the Yamabe problem on compact
manifolds. For brevity, we will treat the cases in which the manifold has empty and
non-empty boundary simultaneously.
Now let (W, h¯) be an n-dimensional manifold with possibly non-empty boundary
(∂W, h) where h = h¯|∂W . We consider the following pair of operators acting on
C∞(W ):
(4)
{
Lh¯ = −∆h¯ + cnRh¯ in W
Bh¯ = ∂ν + 2cnHh¯ on ∂W,
where cn =
4(n−1)
n−2 and Hh¯ is the mean curvature of ∂W with respect to ν, the
outward-pointing normal vector.
Recall that if φ ∈ C∞(W ) is a positive function, then the scalar and boundary
mean curvatures of the conformal metric h˜ = φ
4
n−2 h¯ are given by
(5)
{
Rh˜ = c
−1
n φ
−n+2
n−2 · Lh¯φ in W
Hh˜ =
1
2c
−1
n φ
− n
n−2 · Bh¯φ on ∂W.
We consider the Rayleigh quotient coming from (4) and take the infimum:
(6) λ1 = inf
φ 6≡0∈H1(W )
∫
W
(|∇φ|2 + cnRh¯φ2) dµ+ 2cn ∫∂W Hh¯φ2dσ∫
W φ
2dµ
.
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According to standard elliptic PDE theory, we obtain an elliptic boundary problem,
denoted by (Lh¯,Bh¯), and λ1 is the principal eigenvalue of the minimal boundary
problem (Lh¯,Bh¯). The corresponding Euler-Lagrange equations are the following:
(7)
{
Lh¯φ = λ1φ in W
Bh¯φ = 0 on ∂W.
This problem was first studied by Escobar [Esc92] in the context of the Yamabe
problem on manifolds with boundary.
Let φ be a solution of (7). It is well-known that the eigenfunction φ is smooth
and can be chosen to be positive. A straight-forward computation shows that the
conformal metric h˜ = φ
4
n−2 h¯ has the following scalar and mean curvatures:
(8)
{
Rh˜ = λ1φ
− 4
n−2 in W
Hh˜ ≡ 0 on ∂W.
In particular, the sign of the eigenvalue λ1 is a conformal invariant, see [Esc92,
Esc96]. We call a conformal manifold (W, [h]) Yamabe positive, null, or negative
according to the sign of λ1.
The link between the above conformal considerations and psc bordisms is given
by Akutagawa-Botvinnik in [AB02]. We will use the following approximation trick
throughout the paper.
Theorem 2. [AB02, Corollary B] Let Wn be a manifold of dimension n ≥ 3 with
non-empty boundary ∂W . Let g be a psc metric on ∂W . The following are equiva-
lent:
(1) There is a metric g¯ on W so that g ∈ [g¯|∂W and (W, [g¯]) is Yamabe positive;
(2) There is a psc metric g˜ on W which takes the product form g˜ = g + dt2 on
a neighborhood of ∂W .
2.3. Psc 3-manifolds. In order to prove Theorem B, we will need the classification
of closed oriented 3-manifolds admitting psc metrics. More precisely, the follow-
ing result is a consequence of Gromov-Lawson [GL83, Theorem 8.1], Schoen-Yau
[SY79b], and Perelman’s solution of the geometrization conjecture [Per02, Per03b,
Per03a].
Proposition 2. Suppose M is a closed oriented 3-manifold. Then M admits a psc
metric if and only if it is diffeomorphic to the connected sum #ki=1Mi where each
Mi is one of the following:
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(1) S2 × S1;
(2) S3/Γ where Γ ⊂ SO(4) is a finite subgroup acting freely on S3.
Another ingredient for the proof of Theorem B is the work of Marques in [Mar12]
on the space of psc metrics on 3-manifolds. To state it, for a manifold M , let
Riem+(M) denote the space of psc metrics on M , endowed with the Whitney topol-
ogy. The group of diffeomorphisms of M , denoted Diff(M), acts on Riem+(M) and
one may form the moduli space of psc metrics
(9) M+(M) = Riem+(M)/Diff(M).
By making careful use of Perelman’s Ricci flow with surgery and the Gromov-Lawson
surgery construction, Marques obtained the following connectedness result.
Theorem 3. [Mar12, Main Theorem] Suppose M is a closed oriented 3-manifold
which admits a psc metric. Then the moduli space M+(M) is path connected.
2.4. ALE manifolds and mass. The final ingredient we we will require is a family
of asymptotically locally Euclidean (ALE) metrics. We refer the reader to [Bar86]
for a complete discussion of such spaces and their fundamental analytic properties.
Definition. Let Γ ⊂ SO(n) be a finite subgroup acting freely on Sn−1 and let τ > 0.
A complete n-dimensional Riemannian manifold (X, g) is said to be ALE of order
τ with group at infinity Γ if
(1) There is a compact subset K ⊂ X and a diffeomorphism called a chart at
infinity
Ψ : X \K → (Rn \B)/Γ
where B ⊂ Rn is a ball centered at the origin;
(2) Denoting the radial coordinate on Rn/Γ by r, we have
|∂α((Ψ−1)∗gij − δij)| = O(r−|α|−τ )
for any multi-index α with |α| = 0, 1, 2 and δ is the Euclidean metric.
If an ALE manifold has trivial group at infinity, the manifold is said to be asymp-
totically flat .
If one fixes a base point p in an ALE manifold X, notice that large geodesic
spheres S(p,R) become asymptotic to a spherical space form Sn−1/Γ. This space
form is independent of p and we call Sn−1/Γ the sphere at infinity of X.
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We will be interested in 4-dimensional ALE manifolds with non-negative scalar
curvature. In general, it is a difficult problem to find scalar non-negative ALE man-
ifolds with a given group Γ ⊂ SO(4) at infinity. Such constructions have a history
dating back to [Haw77] too rich to cover here, so we will be brief. In [Kro89a], Kro-
nheimer was able to generalize previous constructions and produce hyper-Ka¨hler
(and hence Ricci-flat) ALE manifolds with any finite Γ ⊂ SU(2) ⊂ SO(4) at infin-
ity. In fact, he completely classified 4-dimensional hyper-Ka¨hler ALE manifolds in
[Kro89b].
The negative-mass metrics constructed by LeBrun in [LeB88] provide examples
of scalar-flat Ka¨hler ALE metrics having cyclic groups at infinity not contained
SU(2). Later, Calderbank-Singer [CS04] constructed Ricci-flat ALE metrics with
any given 3-dimensional lens space as the sphere at infinity. However, it was not
until recently that every finite Γ ⊂ U(2) ⊂ SO(4) acting freely on S3 was shown
to arise as the group at infinity of a scalar-flat ALE manifold. Through a delicate
assembly, Lock-Viaclovsky were able to piece together the known constructions to
obtain the following:
Theorem 4. [LV19, Theorem 1.3] Let Γ ⊂ U(2) be a finite group containing no
complex reflections. Then there are scalar-flat Ka¨hler ALE metrics on the minimal
resolution of C2/Γ.
To explain the relevance to Theorem B, any finite subgroup of SO(4) acting freely
on S3 is conjugate within SO(4) to a subgroup of either the standard embedding
U(2) ⊂ SO(4) or its so-called orientation-reversed embedding, see [Sco83, Theorem
4.10]. It follows that the diffeomorphism type of any 3-dimensional spherical space
form can be realized as the quotient of S3 by a subgroup of U(2). Using this
observation with Theorem 4, one immediately obtains the following.
Corollary 1. Let N3 be an orientable 3-dimensional spherical space form. Then
there is a scalar-flat ALE manifold whose sphere at infinity is diffeomorphic to N .
We conclude this section by recalling the definition of the mass of an ALE manifold
appearing in Corollary B. An ALE n-manifold (M, g) can be viewed as a time-
symmetric slice of an (n+1)-dimensional space-time and one may consider its ADM
mass
(10) m(M, g) = lim
R→∞
Γ(n2 )
4(n− 1)pin/2
∫
SR/Γ
n∑
i,j=1
(gij,i − gii,j)νjdVolδ
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where SR is the Euclidean coordinate sphere of radius R, the indicies arise from
coordinates given by the chart at infinity, and ν is the outward-pointing Euclidean
normal vector to SR/Γ ⊂ Rn/Γ. If the order of decay τ satisfies τ > (n− 2)/2 and
Rg ∈ L1(M), then m(M, g) is independent of the chart at infinity, due to [Bar86]
and [Chr86].
If (M, g) is asymptotically flat, of dimension less than 8, and has non-negative
scalar curvature, then the celebrated positive mass theorem of Schoen-Yau [SY79c]
states that m(M, g) ≥ 0 and that the only such manifold with vanishing mass is
Euclidean space. For the higher dimensional case, see [SY17] and [Loh16]. The
mass of scalar non-negative ALE manifolds with non-trivial group at infinity may
be negative as demonstrated by LeBrun in [LeB88]. However, for spin manifolds
satisfying certain topological conditions, Dahl proved a version of the positive mass
theorem in this setting [Dah97].
3. Proof of Theorem B
This section is devoted to the proof of Theorem B. Before beginning, we make
some preparations. The following is an elementary observation about large sets in
ALE manifolds of any dimension.
Lemma 1. Let (X, g) be an n-dimensional ALE manifold with group at infinity
Γ ⊂ SO(n) and let p ∈ X. Given ε > 0, there exists a bounded open set Ω ⊂ X
such that
(1) ∂Ω is diffeomorphic to Sn−1/Γ;
(2) the restriction metric g|∂Ω is ε-close to a metric of constant positive sectional
curvature on Sn−1/Γ in the C2-topology;
(3) ∂Ω has positive mean curvature with respect to the normal vector pointing
towards infinity.
Proof. Choose a compact set K and diffeomorphism Φ as in Definition 2.4. For
R >> 0 let BR denote the coordinate ball in (R \ B)/Γ. Considering the decay
of g, 1
R2
(Φ−1)∗g converges to the flat metric on the cone Rn/Γ as R → ∞ in the
C2-topology. It follows that, for sufficiently large R, Φ−1(∂BR) has positive mean
curvature and the restriction of g to Φ−1(∂BR) is ε-close to the metric of constant
curvature 1R . The set Ω = K ∪ Φ−1(BR) is the desired open set. 
The following is a simple consequence of the connectedness result Theorem 3.
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Proposition 3. Fix a closed psc 3-dimensional manifold M3 which admits a psc
metric. The following are equivalent
(1) For any psc metric g on M , (M, g) is psc null-bordant.
(2) There exists some psc metric g0 on M so that (M, g0) is psc null-bordant.
Proof. To prove the non-trivial implication (2) ⇒ (1), let g0 be a psc metric on
M and suppose there exists a compact 4-dimensional psc manifold (W 4, g¯) so that
∂W = M and g¯ = g0 + dt
2 near M . Let g be a second psc metric on M .
By Theorem 3, there is a path of psc metrics {g(t)}t∈[0,1] on M so that g(1) = g
and g(0) = Φ∗g0 for some diffeomorphism Φ of M . By sufficiently slowing down the
parameterization of this path, one can obtain a psc-bordism of the form
(M × [0, L], g(s) + ds2)
between (M,Φ∗g0) and (M, g), see [Ros07]. Using Φ, one may glue this cylinder to
the boundary of W to obtain
(11)
(
W
⋃
Φ
(M × [0, L]), g¯ ∪ (g′(s) + ds2)
)
,
which is the promised psc null-cobordism of (M, g). 
Proof of Theorem B: First, we will show that ΩSO,+3 is trivial. Let M be a closed
oriented 3-manifold which admits a psc metric. We first make some reductions. By
Proposition 3, it suffices to construct a psc null-cobordism of (M, g0) for a single
psc metric g0 on M . In order to achieve this, by Theorem 2, it is sufficient to find
a Yamabe positive conformal manifold (W, [g¯]) whose boundary (M, [g¯|M ]) is also
Yamabe positive.
We will first consider the case where M is one of the irreducible manifolds ap-
pearing in Proposition 2. For M = S2 × S1, consider the manifold W = S3+ × S1
where S3+ denotes the upper hemisphere of the round 3-sphere. With the product
metric g¯, S3+ × S1 is psc with minimal boundary isometric to the product of the
round S2 and S1. By inspecting the Rayleigh quotient (6), (S3+×S1, [g¯]) is Yamabe
positive, competing our work in this case.
Now consider the case of a spherical space form M = S3/Γ. By Corollary 1 there
is a scalar-flat ALE manifold (X, gX) with sphere at infinity S
3/Γ. Applying Lemma
1 with some ε > 0, we obtain a large compact set Kε ⊂ X with metric g¯ε = gX |Kε
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which is scalar-flat with mean convex boundary S3/Γ. By perhaps choosing smaller
ε, we can ensure that the restriction metric g¯ε|S3/Γ is sufficiently close to a round
metric to have positive scalar curvature. Due to the positive mean curvature of its
boundary, (Kε, [g¯ε]) is Yamabe positive, finishing our work with the space forms.
Finally, we consider general M . By Proposition 2, M may be decomposed as
M = #ki=1Mi where each Mi is with S
2 × S1 or a space form S3/Γ. By our work
above, we may consider (Wi, g¯i) which are psc null-cobordisms of some psc metrics
gi on Mi for each i = 1, . . . , k. Notice that the boundary connected sum
W =
k
\
i=1
Wi
is a null-cobordism of M . To make W into a psc null-cobordism, we use a version of
the classical Gromov-Lawson surgery construction [GL80a] adapted to the case of
boundary connected sums by Carr [Car88, Lemma 10], c.f. [Wal14]. This produces
a psc metric on W which is product near the boundary and resembles a Gromov-
Lawson connected sum construction applied to the 3-manifolds (Mi, g¯i|Mi) near the
boundary of W . It follows that there is a psc null-bordant psc metric on M . This
shows that ΩSO,+3 is trivial.
In Figure 2 we depict the null-cobordism of a general psc (M3, g) we have obtained
by combining all the constructions in this section.
Now we turn our attention to ΩSO,+3 (S) where S is some finite 1-complex. Let
(M, g) be a closed oriented psc 3-manifold equipped with a map F : M → S. We will
assume that M and S are connected – if they are not, one may apply the proceeding
argument to each component. By Proposition 2, we have the decomposition
M ∼= (#k1i=1S3/Γi)#(#k2(S2 × S1))
where we allow k1 and k2 to possibly take the value of 0. Evidently, the bordism
class [(M, g, F )] is unchanged by homotopies of F . As such, it suffices to consider
the case where S is the wedge of l circles ∨lS1.
An exercise in basic algebraic topology shows there is a bijection
[M,∨lS1]→ Hom(pi1(M), Fl) ∼= Hom(Γ1 ∗ · · · ∗ Γk1 ∗ Fk2 , Fl)
where [M,∨lS1] is the set of homotopy classes of maps from M to ∨lS1, Fl is the
free group on l generators, and ∗ is the free product. Since all Γi are finite and Fl
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(M × [0, 1], gt + dt2)
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Figure 2. The null-cobordism we construct of a psc (M3, g)
has no torsion elements, it follows that F is homotopic to a map F ′ : M → ∨lS1
which maps the summand (#k1i=1S
3/Γi) to a single point x0 ∈ ∨lS1.
Now consider the psc null-cobordism of (M, g) we constructed above:
(W, g¯) =
((
k1
\
i=1
Wi
)
\
(
k2
\ S3+ × S1
)
, g¯
)
.
We proceed by constructing an extension of F ′ to a map F : W → S1 in two steps.
First, declare F |∂W = F ′ and that F map the summand \k1i=1Wi to the single point
x0. Since F is constant on the \
k1
i=1Wi summand, it suffices to extend F over
W/
(
k1
\
i=1
Wi
)
∼=
k2
\ S3+ × S1.
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Since the only 2-cells in \k2S3+ × S1 lie on its boundary where F is already defined,
all classes obstructing the extension of F vanish. We readers unfamiliar with ob-
struction theory to [Hat02, Section 4.3]. It follows that F may be extended over
all of W and so (W, g¯, F ) is our desired null-cobordism. This finishes the proof of
Theorem B.
4. Proof of Theorem A
Now that we have established the required bordism calculations, we are ready to
prove Theorem A.
Proof of Theorem A: Let M , S, and g be as in Theorem A. Let us fix a smooth
background metric h for later technical uses. Also choose some positive function R
on M such that
(12) 0 < R ≤ min(1, Rg)
which will act as a bounded surrogate for the possibly unbounded scalar curvature of
g. We may consider a positive Green’s-type function, G, of the modified conformal
Laplacian
(13) Lg = −∆g + 8
3
R,
see [LSW63, Theorem 6.1]. As a distribution, G solves the equation
(14)
(
−∆g + 8
3
R
)
G = δS
where δS is the Dirac measure of S. Strictly speaking, [LSW63] considers only
Green’s functions with singularities along points. However, generalizing this con-
struction to find functions in the kernel of positive linear elliptic operators with
singularities along smoothly embedded submanifolds of codimension greater than 2
is standard, see [SY79a]. Since S is the union of smoothly embedded submanifolds,
one may consider the Green’s function associated to each embedded component and
take their average to obtain G.
Due to the uniform ellipticity of Lg, the asymptotics of G near S behave in
the standard manner, see [LSW63, Theorem 7.1] and [SY79a, Appendix]. More
precisely, there is a constant C0 > 0 so that: near an isolated point singularity
x0 ∈ S,
(15) C−10 dh(x0, x)
−2 ≤ G(x) ≤ C0dh(x0, x)−2
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and near a 1-dimensional component L ⊂ S
(16) C−10 dh(L, x)
−1 ≤ G(x) ≤ C0dh(L, x)−1.
Next, we study the family of metrics
(17) gε = (1 + εG)
2g
on M \S where ε is a small positive parameter. A straight forward calculation using
(13) shows Lg(1 + εG) > 0. Inspecting the conformal transformation formula (5),
it follows that gε has positive scalar curvature. According to the asymptotics (15)
and (16), (M \ S, gε) is complete.
For η > 0, let Uη denote the tubular neighborhood of radius η > 0 about S
using the metric h. Fix η0 > 0 small enough so that there is a map f : U
η0 → S
deformation retracting Uη0 onto S. Next, we consider the non-compact manifold
Q = Uη0 \ S with the restriction metric, which we continue denoting by gε.
Claim 1. There is a ε0 > 0 so that, for each ε ≤ ε0, there is a closed smoothly
embedded hypersurface Σε ⊂ Uη0 satisfying
(1) Σε is stable-minimal with respect to gε;
(2) Uη0 \Σε consists of two components: Ainε containing S and Aoutε containing
∂Uη0.
Proof. For each ε > 0, consider the minimization problem
(18) Vε = inf{Volgε(∂Ω): Ω ⊂ Q is open and contains ∂Uη0}.
We will apply Lemma 2 in the Appendix to study the solution of Vε, but we must
first explain how it applies. Set K = ∂Uη0 . Notice that, by perhaps choosing smaller
η0, one may introduce coordinates (x, t) ∈ K × (0, η0] on the region Uη0 \ S where
dh(x, S) = t. By introducing the new coordinate r = η
2
0/t
2 and considering the
asymptotics (15), (16), and the L∞ condition of g, one can see that the minimization
problem (18) is equivalent to the one treated in Lemma 2.
Now according to Lemma 2, for all sufficiently small ε > 0 the infemum Vε is
realized by a set Ωε ⊂ Q whose boundary, upon considering its support, yields an
embedded hypersurface Σε. Moreover, from the classical regularity theory [Fed69]
in this dimension, Σε is smooth away from the intersection Σε ∩ ∂Uη0 . The rest
of the proof is devoted to showing that the intersection Σε ∩ ∂Uη0 is empty for all
sufficiently small ε.
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First observe that
(19) lim
ε→0
Vε = 0.
Indeed, for small η, one may consider the boundary of the neighborhood Uη and
compute
(20) Volgε(∂U
η) ≤ C1η2(1 + εη−1)4
for some constant C1 > 0 depending only on g and the background metric h. It
follows that
Vε ≤ Volgε(∂U
√
ε)→ 0(21)
and (19) follows.
Let η1 ∈ (0, η0). We claim that there exists ε0 > 0 so that
(22) Σε ∩ (Uη0 \ Uη1) = ∅
for all ε ≤ ε0. For sake of contradiction, assume there is a subsequence εj → 0 so
that Σεj ∩ (Uη0 \ Uη1) 6= ∅ for all j = 1, 2, . . . . For each j, choose a point
xj ∈ Σεj ∩ (U (η0−η1)/2 \ Uη1).
Let Bh(η, x) denote the metric ball about x of radius η using the metric h. Since
gε → g smoothly on the region Uη0 \ Uη1 , Bh((η0 − η1)/2, xj) ∩ Σε are smooth
minimal hypersurfaces with respect to metrics of uniformly bounded geometry. In
this context, the monotonicity theorem for minimal submanifolds provides a lower
bound
(23) Volgε(B
h((η0 − η1)/2, xj) ∩ Σε) ≥ V0
where V0 is a positive constant independent of sufficiently small ε, contradicting
(19). This finishes the proof of Claim 1. 
During the remainder of the proof of Theorem A we fix some ε small enough to
apply Claim 1. The parameter ε will no longer play a significant role and we only
mention it where necessary. By Claim 1, we obtain a stable-minimal hypersurface
Σ which separates M into two components: Ain containing S and Aout containing
∂Uη0 . We mention that Σ will generally be disconnected, having as many compo-
nents as S. Let h′ = gε|Σ denote the restriction metric. More notation: let M0
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denote the compact manifold M \Ain. Abusing notation, we continue to denote the
restriction of gε|M0 by gε.
Notice that (M0, gε) is a psc manifold whose boundary, Σ, has vanishing mean
curvature. It follows that (M0, gε) is Yamabe positive. Meanwhile, since Σ is a
closed stable-minimal hypersurface with trivial normal bundle in a psc manifold,
the classical observation of Schoen-Yau [SY79a, Theorem 1] implies that (Σ, h′) is
Yamabe positive. This allows us to find a psc metric h˜ ∈ [h′]. By Theorem 2, we
may find a new psc metric g˜0 on M0 which has the product structure
(24) g˜0 = h˜+ dt
2
near Σ. Now we are prepared to begin attaching psc null-cobordisms to the boundary
of (M0, g˜0).
Consider the closed psc manifold (Σ, h˜) and the restriction f |Σ : Σ → S where
f is the retraction f : Uη0 → S. By Theorem B, we can find a psc null-cobordism
(W, gW ) of (Σ, h˜) and an extension f : W → S. We will require f later. For now,
we can form
M = M0
⋃
Σ
W, g¯ =
g˜0 on M0gW on W.
Notice that M is a smooth closed oriented manifold and g is a smooth psc metric.
Claim 2. There is a degree-1 map F : M →M .
Proof. Though this map is more easily understood with a visual aid, see Figure 1, we
describe it in some detail. Consider the region W ′ = Aout ∪W ⊂M. Also consider
the annular region Uη2 \ Uη0 surrounding W ′i , where η2 > η0 has been chosen so
that the retraction f : Uη0 → S extends to a retraction Uη2 → S. It follows that we
can find a map
p : Uη2 \ Uη0 → Uη2
which equals the identity on ∂Uη2 and equals this retraction on ∂Uη0 . Now consider
the continuous map
(25) F : M →M, P =

Id on M \
(
W ′ ∪ (Uη2 \ Uη0)
)
p on Uη2 \ Uη0
f on Aout
f on W.
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Since F equals the identity far away from W , F is degree 1. 
We observe that, inspecting the proof of Theorem 2 found in [AB02], the above
metric g˜0 can be chosen to be conformal to gε away from a neighborhood containing
Σ of any desired size. From this and our construction in Claim 2, it follows that
one can arrange for F to be a conformal diffeomorphism away from F−1(Uη2). This
finishes the proof of Theorem A.
5. Proof of Corollaries A and B
We are now ready to prove Corollaries A and B.
Proof of Corollary A: Let M and S be as in Corollary A. For sake of contradiction,
suppose there exists g, an L∞E (M) ∩ C∞(M \ S) Riemannian metric with Rg ≥ 0
and Ricg 6≡ 0 on M \ S. By making use of the analysis contained in [LM17], it
suffices to obtain a contradiction under the extra assumption that Rg > 0 on M \S.
Let us briefly explain this reduction. Since Ricg 6≡ 0, one can make a small non-
conformal perturbation to obtain a metric g′ with the same regularity as g such that
Rg′ ≥ 0 and Rg′(p) > 0 for some point p ∈M \ S, see the proof of [LM17, Theorem
1.7]. Then one can find a conformal transformation of g′ to a metric g′′ of the same
regularity which has positive scalar curvature on M \ S, see [LM17, Corollary 4.2].
Therefore, we will assume Rg > 0 on M \ S.
By applying Theorem A, we obtain a smooth oriented psc manifold (M, g) with
a degree-1 map to M . According to Proposition 1, M is enlargeable. However,
the existence of the psc metric g contradicts Theorem 1, completing the proof of
Corollary A.
Proof of Corollary B: Let (M, g) and S be as in Corollary B. Notice that, as a
smooth manifold, we may regard M as a closed oriented manifold M ′ with a point
removed i.e. M ∼= M ′ \ {x0}.
For sake of contradiction, suppose that m(M, g) < 0. We will obtain a contradic-
tion to Theorem A by adapting an argument first established by Lohkamp in [Loh99]
to our low-regularity situation using some tools from [LM17]. We proceed in several
steps. Our argument is very similar to the proof of [Loh99, Proposition 6.1], but
we present it in order to point out the modifications necessary in our setting. Fix
a compact set K ⊂ M which contains the singular set S and so that M \ K is
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diffeomorphic to R4 \ B41 with the metric decay as in Definition 2.4. Let r denote
the radial coordinate on R4 \B41 .
The first step is to conformally change g to a scalar-flat metric with negative
mass. To begin, we may find a W 1,2loc (M) solution u > 0 satisfyingLgu = 0limr→∞ u = 1,
see the proof of [LM17, Theorem 1.9]. It follows that 0 < u < 1 and u ∈ C0,α(M)∩
C∞(M \ S) by the maximum principle and standard elliptic estimates. According
to [Bar86], u has the asymptotic expansion
u(x) = 1 +Ar−2 +O(r−3)
where A ≤ 0 is a constant. Assembling the above facts, the conformal metric
g1 = u
2g has the same regularity as g, is scalar-flat on M \S, is still asymptotically
flat, and has mass m(M, g1) = m(M, g) +A < 0.
Next, we perturb g1 to make the end conformally Euclidean while retaining the
negativity of the mass. Consider a function ψ : M → R such that ψ ≡ 1 on
K, ψ ≡ 0 for r sufficiently large in the asymptotic region, and 0 ≤ ψ ≤ 1. Set
gψ = ψg1 + (1 − φ)δ where δ is the flat Euclidean metric on M \ K. By [Sch89,
Proposition 4.1], ψ can be chosen so that, upon finding a solution u′ > 0 toLgψu′ = 0limr→∞ u′ = 1,
the metric g2 = (u
′)2gψ is scalar-flat, asymptotically Euclidean, and still has negative
mass. The metric g2 has the same regularity as g for the same reason g1 had this
regularity. Notice that g2 is conformally flat on {r ≥ R0} ⊂ (M \K) for sufficiently
large R0. It follows that g2 = φ
2δ on {r ≥ R0} for some function φ : R4 \B4R0 → R.
Now we will perturb g2 to make it flat at infinity while at the same time making
scalar curvature positive somewhere. Since g2 is scalar-flat, φ is harmonic with
respect to δ and tends to 1 at infinity. It follows that we may write
φ = 1 +
m(M, g2)
12r2
+ f
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where f is a function satisfying |f | ≤ Cr−3 for some constant C. By [Loh99, Lemma
6.2], in this setting one can explicitly construct a conformal factor φ′ > 0 so that
φ′ ≡ φ on {R1 > 0}C
φ′ ≡ const. on {R2 > 0}
∆δφ
′ ≤ 0 on M
∆δφ(x) < 0 for some point x ∈M,
where R1 < R2 are two radii larger than R0.
Now, the metric g3 = (φ
′)2gψ is flat on {R2 > 0}, scalar non-negative everywhere,
and not scalar-flat. The metric g3 has the same regularity as g2 since we have not
altered it within K. By appropriately identifying opposing faces of the cubical
complex ∂([−R2, R2]×4) in M \ K, g3 descends to a metric on T 4#M ′. Since the
map T 4#M ′ → T 4 collapsing the M ′ factor to a point has degree 1, Proposition
1 implies that T 4#M ′ is enlargeable. Since g3 is not scalar-flat, this contradicts
Corollary A, completing the proof of Corollary B.
Appendix A.
In this section we will provide some details on the minimization problem found
in Claim 1 during the proof of Theorem A. The argument we present here is a slight
modification of the proof of [LM17, Lemma 6.1].
Some notation: if (M, g) is a Riemannian manifold and k is some whole number,
we write Hkg for the k-dimensional Hausdorff measure associated with g.
Lemma 2. Let K be a closed oriented (n− 1)-dimensional manifold with a smooth
metric gK . Suppose g
′ is a smooth metric on [1,∞)×K which satisfies
(26) λ−1(dr2 + r2gK) ≤ g′ ≤ λ(dr2 + r2gK)
λ is a positive constant. Then the minimization problem
(27) V = inf{Hn−1g′ (∂Ω): Ω ⊂ [1,∞)×K open, containing {1} ×K}
is attained by an open bounded set.
Proof. Let {Ωi}∞i=1 be a sequence of sets realizing the infemum (27). Denote projec-
tion onto the first coordinate by pi : [1,∞) ×K → [1,∞). For each i, consider the
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numbers
ri = inf{|pi(y)| : y ∈ ∂Ωi}, Ri = sup{|pi(y)| : y ∈ ∂Ωi}
and the maps
Fi : [1,∞)×K → {ri} ×K, (r, p) 7→ (rir/|r|, p).
According to the area formula applied to Fi|∂Ωi ,
(28) Hn−1
dr2+r2gK
({ri} ×K) ≤ Hn−1dr2+r2gK (∂Ωi).
It follows that ri ≤ C1 for some C1 independent of i. Let r = lim infi→∞Ri.
Claim 3. lim supi→∞Ri is finite.
Once we establish Claim 3, we know that a subsequence of Ωi is contained in a
compact set. A standard argument in geometric measure theory, see [Fed69], shows
that V is attained by some open bounded set.
Proof of Claim 3: Suppose that lim supi→∞Ri = ∞. After passing to a sub-
sequence, we may assume that Ri < Ri+1 for all i. Now, by a compactness and
diagonal argument, one may take a weak limit of Ωi to obtain a limiting Cacciop-
poli set Q ⊂ [1,∞)×K containing {1}×K. Q will realize the infemum (27) in the
sense that V = Hn−1g′ (∂∗Q) where ∂∗Q denotes the reduced boundary of Q. Since
the outer radii Ri tend to infinity, the intersections
Σt = ∂
∗K ∩ {t} ×K
will be non-empty for all t ≥ r. The intersections Σt can be viewed as varifolds and
one can pose the Plateau problem
h(t) = inf{Mg′(V ) : ∂V = Σt}.
Notice that ([1,∞) × K, dr2 + r2gK) has bounded geometry and hence has an
isoperimetric inequality. Using this with the uniformity (26), there is a constant C2,
independent of t, so that
(29) h(t)
n−2
n−1 ≤ C2Hn−2g′ (Σt).
On the other hand, h(t) cannot be much smaller than the volume of ∂∗K outside
{t}×K. To describe this, one can take a varifold V ′ with ∂V ′ = Σt and Mg′(V ′) ≤
2h(t). Then, see [Fed69, Section 4.2], we may certainly find a rectifiable hypersurface
DESINGULARIZING PSC 4-MANIFOLDS 25
V ′′ with Hn−1g′ (V ′′) ≤ 3h(t) and so that
Σ′ = (∂∗Q ∩ ([1, t]×K)) ∪ V ′′
contains the boundary of a bounded open set containing {1}×K. Comparing against
Q, we have
Hn−1g′ (Σ′)−Hn−1(∂∗Q) ≤ 3h(t)−Hn−1g′ (∂∗Q \ ({t} ×K)).
Since Σ′ is a competitor to ∂∗Q, it follows that
(30) 3h(t) ≥ Hn−1g′ (∂∗Q \ ({t} ×K)).
We apply the coarea formula to along with inequalities (29) and (30) to find
3h(t) ≥
∫ ∞
t
∫
Σs
|∇Σsdg′({1} ×K, y)dHn−2g′ (y)ds
≥
∫ ∞
t
Hn−2g′ (Σs)ds
≥ C−12
∫ ∞
t
h(s)
n−2
n−1ds.(31)
Now consider the integral
H(t) =
∫ ∞
t
h(s)
n−2
n−1ds,
noting that H(t) is non-negative and non-increasing in t. Rearranging inequality
(31) and introducing a new constant C3 > 0 independent of t, we find
(32)
H ′
H
n−2
n−1
≤ −C3.
Since n−2n−1 ∈ (0, 1), one integrates (32) to find that H(t) must be 0 for all large t.
It follows that h(t) vanishes for large t and so there is some R′ so that Σt = ∅ for
t ≥ R′. This contradicts our assumption that Ri → ∞ and completes the proof of
the claim. 
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